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Definition (Euler, 1730): 

Let 𝑥 > 0 

Γ(𝑥) = ∫ (−𝑙𝑜𝑔𝑡)𝑥−1
1

0

𝑑𝑡  

where 𝑙𝑜𝑔𝑥 is 𝑙𝑛𝑥. 

Theorem: 

For 𝑥 > 0 

Γ(𝑥) = 2 ∫ 𝑡2𝑥−1
∞

0

𝑒−𝑡2
𝑑𝑡 . 

Proof: 

Consider for 𝑥 > 0 

Γ(𝑥) = ∫ (−𝑙𝑜𝑔𝑡)𝑥−1
1

0

𝑑𝑡.  

Let 𝑢2 = −𝑙𝑜𝑔𝑡, then 

𝑡 = 𝑒−𝑢2
𝑑𝑡 = −2𝑢𝑒−𝑢2

𝑑𝑢
𝑡 = 0 → 𝑢 = ∞ 𝑡 = 1 → 𝑢 = 0

 

Γ(𝑥) = ∫ (𝑢2)𝑥−1
0

∞

(−2𝑢𝑒−𝑢2
𝑑𝑢) 

Γ(𝑥) = 2 ∫ 𝑢2𝑥−1
∞

0

𝑒−𝑢2
𝑑𝑢 

Γ(𝑥) = 2 ∫ 𝑡2𝑥−1
∞

0

𝑒−𝑡2
𝑑𝑡 

∎ 

 


