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Theorem: 

Γ(𝑧 + 1) = 𝑧. Γ(𝑧) for all 𝑅𝑒(𝑧) > 0. 

Proof: 

Method 1: 

Consider the integral definition of the gamma function 

Γ(𝑧) = ∫ 𝑡𝑧−1
∞

0

𝑒−𝑡𝑑𝑡, 𝑅𝑒(𝑧) > 0. 

Hence, we write 

Γ(𝑧 + 1) = ∫ 𝑡𝑧
∞

0

𝑒−𝑡𝑑𝑡. 

By integrating by parts we have 

[ 𝑢 = 𝑡𝑧 𝑑𝑣 = 𝑒−𝑡𝑑𝑡
𝑑𝑢 = 𝑧𝑡𝑧−1𝑑𝑡 𝑣 = −𝑒−𝑡 ] 

∫𝑢 𝑑𝑣 = 𝑢𝑣 − ∫𝑣 𝑑𝑢 

Γ(𝑧 + 1) = −𝑡𝑧𝑒−𝑡|
∞
0

− ∫ −𝑒−𝑡
∞

0

𝑧𝑡𝑧−1𝑑𝑡 

Γ(𝑧 + 1) = 0 + 𝑧 ∫ 𝑡𝑧−1
∞

0

𝑒−𝑡𝑑𝑡 

Γ(𝑧 + 1) = 𝑧. Γ(𝑧) 

⊡ 

 

 

 

 

 

 

 

 



Method 2: 

For 𝑛 ∈ ℕ, we are knowing that 

Γ(𝑛) = (𝑛 − 1)! . 

Hence, we can write  

Γ(𝑛 + 1) = 𝑛! = 𝑛. (𝑛 − 1)! = 𝑛 Γ(𝑛) . 

For 𝑥 ∈ ℝ − (ℤ− ∪ {0}), we can extend to reals: 

Γ(𝑥 + 1) = 𝑥 Γ(𝑥) , 

Also, for 𝑧 ∈ ℂ and 𝑅𝑒(𝑧) > 0, we can extend to complexes: 

Γ(𝑧 + 1) = 𝑧 Γ(𝑧) 

⊡ 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Method 3: 

Γ(𝑧 + 1) = 𝑧. Γ(𝑧) , 𝑅𝑒(𝑧) > 0 

Γ(𝑧 + 1) − 𝑧. Γ(𝑧) = ∫ 𝑡𝑧
∞

0

𝑒−𝑡𝑑𝑡 − 𝑧 ∫ 𝑡𝑧−1
∞

0

𝑒−𝑡𝑑𝑡 

= ∫ (𝑡𝑧 − 𝑧𝑡𝑧−1)
∞

0

𝑒−𝑡𝑑𝑡 

= ∫ 𝑑(−𝑡𝑧𝑒−𝑡)
∞

0

 

= −𝑡𝑧𝑒−𝑡|
∞
0

 

= 0 

⊡ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Method 4: 

We are using the limit definition of the gamma function. 

Γ(𝑧) = lim
𝑛→∞

𝑛! 𝑛𝑧

𝑧(𝑧 + 1)(𝑧 + 2)⋯ (𝑧 + 𝑛)
 , 𝑧 ≠ 0,−1,−2,⋯ 

Γ(𝑧 + 1) = lim
𝑛→∞

𝑛! 𝑛𝑧+1

(𝑧 + 1)(𝑧 + 2)⋯ (𝑧 + 𝑛)(𝑧 + 1 + 𝑛)
 

= lim
𝑛→∞

𝑛! 𝑛𝑧 𝑛

(𝑧 + 1)(𝑧 + 2)⋯ (𝑧 + 𝑛)(𝑧 + 1 + 𝑛)
 

= lim
𝑛→∞

𝑛! 𝑛𝑧 

(𝑧 + 1)(𝑧 + 2)⋯ (𝑧 + 𝑛)
∙ lim
𝑛→∞

𝑛

𝑧 + 1 + 𝑛
 

Since 

lim
𝑛→∞

𝑛

𝑧 + 1 + 𝑛
= 1 

we have 

Γ(𝑧 + 1) = lim
𝑛→∞

𝑛! 𝑛𝑧 

(𝑧 + 1)(𝑧 + 2)⋯ (𝑧 + 𝑛)
 

= lim
𝑛→∞

𝑛! 𝑛𝑧  

(𝑧 + 1)(𝑧 + 2)⋯ (𝑧 + 𝑛)
∙
𝑧

𝑧
 

= 𝑧 lim
𝑛→∞

𝑛! 𝑛𝑧 

𝑧(𝑧 + 1)(𝑧 + 2)⋯ (𝑧 + 𝑛)
 

= 𝑧 Γ(𝑧) . 

⊡ 

 

 

 

 

 

 

 

 

 

 

 



Method 5: 

We consider the Euler’s product for Γ(𝑧): 

Γ(𝑧) =
1

𝑧
 ∏(1 +

1

𝑛
)

𝑧

(1 +
𝑧

𝑛
)
−1

∞

𝑛=1

 . 

Hence, we can write that 

Γ(𝑧 + 1) =
1

𝑧 + 1
 ∏(1 +

1

𝑛
)

𝑧+1

(1 +
𝑧 + 1

𝑛
)
−1∞

𝑛=1

 . 

So, 

Γ(𝑧 + 1)

Γ(𝑧)
=

1
𝑧 + 1 ∏ (1 +

1
𝑛)

𝑧+1

(1 +
𝑧 + 1

𝑛 )
−1

∞
𝑛=1

1
𝑧  ∏ (1 +

1
𝑛)

𝑧

(1 +
𝑧
𝑛)

−1
∞
𝑛=1

 

=
𝑧

𝑧 + 1
 ∏(1 +

1

𝑛
)

∞

𝑛=1

(
𝑛 + 𝑧 + 1

𝑛 + 𝑧
)

−1

 

=
𝑧

𝑧 + 1
 ∏(

𝑛 + 1

𝑛
)

∞

𝑛=1

(
𝑛 + 𝑧

𝑛 + 𝑧 + 1
) 

=
𝑧

𝑧 + 1
 lim
𝑛→∞

∏(
𝑘 + 1

𝑘
∙

𝑘 + 𝑧

𝑘 + 𝑧 + 1
)

𝑛

𝑘=1

 

=
𝑧

𝑧 + 1
lim
𝑛→∞

(
2

1
∙
3

2
⋯

𝑛

𝑛 − 1
∙
𝑛 + 1

𝑛
) (

1 + 𝑧

2 + 𝑧
∙
2 + 𝑧

3 + 𝑧
⋯

𝑛 − 1 + 𝑧

𝑛 + 𝑧
∙

𝑛 + 𝑧

𝑛 + 𝑧 + 1
) 

=
𝑧

𝑧 + 1
lim
𝑛→∞

(𝑛 + 1) (
1 + 𝑧

𝑛 + 𝑧 + 1
) 

= 𝑧 lim
𝑛→∞

(
𝑛 + 1

𝑛 + 𝑧 + 1
) 

= 𝑧. 1 

= 𝑧 

Therefore, we deduce that 

Γ(𝑧 + 1)

Γ(𝑧)
= 𝑧 ⇒  Γ(𝑧 + 1) = 𝑧 Γ(𝑧) ,   

⊡ 

 

 

 



Method 6: 

We consider the Weierstrass’s product for Γ(𝑧): 

1

𝑧 Γ(𝑧)
= 𝑒𝛾𝑧  ∏(1 +

𝑧

𝑛
)

∞

𝑛=1

𝑒−
𝑧
𝑛  

where 𝛾 is the Euler-Mascheroni constant. Hence, 

1

(𝑧 + 1) Γ(𝑧 + 1)
= 𝑒𝛾(𝑧+1)  ∏(1 +

𝑧 + 1

𝑛
)

∞

𝑛=1

𝑒−
𝑧+1
𝑛  . 

So, 

1
(𝑧 + 1) Γ(𝑧 + 1)

1
𝑧 Γ(𝑧)

=
𝑒𝛾(𝑧+1)  ∏ (1 +

𝑧 + 1
𝑛 )∞

𝑛=1 𝑒−
𝑧+1
𝑛

𝑒𝛾𝑧  ∏ (1 +
𝑧
𝑛)∞

𝑛=1 𝑒−
𝑧
𝑛

 

𝑧Γ(𝑧)

(𝑧 + 1)Γ(𝑧 + 1)
= 𝑒𝛾 ∏(

𝑛 + 𝑧 + 1

𝑛
)

∞

𝑛=1

(
𝑛

𝑛 + 𝑧
) 𝑒−

1
𝑛 

= 𝑒𝛾 ∏
𝑛 + 𝑧 + 1

𝑛 + 𝑧
𝑒−

1
𝑛

∞

𝑛=1

 

= 𝑒𝛾 lim
𝑛→∞

∏
𝑘 + 𝑧 + 1

𝑘 + 𝑧

𝑛

𝑘=1

𝑒−
1
𝑘 

= 𝑒𝛾 lim
𝑛→∞

(
𝑧 + 2

𝑧 + 1
∙
𝑧 + 3

𝑧 + 2
⋯

𝑧 + 𝑛 + 1

𝑧 + 𝑛
) 𝑒−∑

1
𝑛

∞
𝑛=1  

[
 
 
 
 𝛾 = lim

𝑛→∞
(∑

1

𝑘

𝑛

𝑘=1

− 𝐿𝑜𝑔 𝑛) ⇒ 𝑒𝛾 = 𝑒
lim
𝑛→∞

(∑
1
𝑘

𝑛
𝑘=1 −𝐿𝑜𝑔 𝑛) 

⇒ 𝑒𝛾 = 𝑒
∑

1
𝑛

∞
𝑛=1  ∙ lim

𝑛→∞

1

𝑛
⇒  𝑒−∑

1
𝑛

∞
𝑛=1 = 𝑒−𝛾 ∙ lim

𝑛→∞

1

𝑛 ]
 
 
 
 

 

= 𝑒𝛾 lim
𝑛→∞

𝑧 + 𝑛 + 1

𝑧 + 1
∙
1

𝑛
∙ 𝑒−𝛾 

=
1

𝑧 + 1
 

Therefore, 

𝑧Γ(𝑧)

(𝑧 + 1)Γ(𝑧 + 1)
=

1

𝑧 + 1
 ⇒  Γ(𝑧 + 1) = 𝑧 Γ(𝑧) . 

⊡ 
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