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Theorem:

['(z+ 1) = z.T(z) forall Re(z) > 0.
Proof:
Method 1:

Consider the integral definition of the gamma function
I'(z) = f t?~le~tdt, Re(z) > 0.
0

Hence, we write
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rz+1) = j t? e~ tdt.
0

By integrating by parts we have

[ u=t? dv = e‘tdt]
du=zt?dt v=—-e7t

fudvzuv—fvdu
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rz+1) =0+ ZJ tZ7le tde
0

'z+1) =2zT(2)
[-]



Method 2:
For n € N, we are knowing that
') =(m-1)".
Hence, we can write
M+ =n'=n(n-1!'=nlT(n).
For x € R — (Z~ U {0}), we can extend to reals:
F'x+1)=xT(x),
Also, for z € C and Re(z) > 0, we can extend to complexes:
I'z+1)=2zT(2)
[-]



Method 3:
'z+1) =2T(2), Re(z) >0
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tZetdt — z] t? e tdt
0

I'z+1)—2zT(2) = f

0

=f (t? —zt* e tdt
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Method 4:

We are using the limit definition of the gamma function.
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Method 5:

We consider the Euler’s product for I'(z):
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Hence, we can write that
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Therefore, we deduce that
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O =z=>I(z+1)=2zI(2),
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Method 6:

We consider the Weierstrass’s product for I'(z):
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where y is the Euler-Mascheroni constant. Hence,
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Therefore,
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=>T(z+1)=2zT(2).
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